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Homoskedastic Linear Model

Gauss Markov Assumptions.

• Linearity : 𝑌 = 𝑋𝛽
• Strict Exogeneity : 𝐸(𝜖𝑖|𝑋) = 0

– Unconditional mean of error 𝐸(𝜖𝑖) = 0
– Cross moment of residuals and regressors is zero, X is orthogonal to 𝜖 : 𝐸(𝑋𝑖𝜖𝑖) = 0

• No multicollinearity - 𝑟𝑎𝑛𝑘(𝑋) = 𝑘
• Spherical error variance : 𝐸(𝜖2

𝑖 |𝑋) = 𝜎2; 𝐸(𝜖𝜖′|𝑋) = 𝜎2𝐼𝑛
• 𝜖|𝑋 ∼ 𝑁(0, 𝜎2𝐼𝑛)
• (𝑌𝑖, 𝑋𝑖) ∶ 𝑖 = 1, ..., 𝑛 are i.i.d.

This gives us
̂𝛽 = (𝑋′𝑋)−1𝑋′𝑌

𝑉 (𝛽) = 𝜎2(𝑋′𝑋)−1

where, under homoskedasticity, ̂𝜎2 = 𝑒′𝑒
𝑛−𝑘 , where 𝑒 = 𝑦 − 𝑋𝛽
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Generalised least squares

If covariance matrix of errors is known: 𝐸(𝜖𝜖′|𝑋) = Ω
̂𝛽𝐺𝐿𝑆 = (𝑋′Ω−1𝑋)−1𝑋′Ω−1𝑌

𝕍( ̂𝛽𝐺𝐿𝑆) = (𝑋′Ω−1𝑋)−1

Restrited OLS - optimise: 𝐿(𝑏, 𝜆) = (𝑌 − 𝑋𝑏)′(𝑌 − 𝑋𝑏) + 2𝜆(𝑅𝑏 − 𝑟)
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Huber-White Sandwich ‘Robust’ SEs

Under homoskedasticity,

𝐸[( ̂𝛽 − 𝛽)( ̂𝛽 − 𝛽)′] = (𝑋′𝑋)−1𝑋′𝐸(𝜖𝜖′)𝑋(𝑋′𝑋)−1

which simplifies to 𝑉 (𝛽) = 𝜎2(𝑋′𝑋)−1 because of the assumption 𝐸(𝜖𝜖′) = 𝜎2𝐼 . If this is not true (i.e.
heteroskedasticity is present), the variance covariance formula is

𝐸[( ̂𝛽 − 𝛽)( ̂𝛽 − 𝛽)′] = (𝑋′𝑋)−1𝑋′𝑒𝑒′𝑋(𝑋′𝑋)−1 = 𝜎2
𝜖 (𝑋′𝑋)−1𝑋′Ω𝑋(𝑋′𝑋)−1

𝑉 ( ̂𝛽) = 𝑄−1Ω𝑄−1 Where, 𝑄 = 𝔼𝑋𝑖𝑋𝑖′, Ω = 𝔼 ̂𝑢𝑖
2𝑋𝑖𝑋′

𝑖

Fitted values and residuals

Define 2 matrices that are positive semidifinite, symmetric,idempotent:

• 𝑃𝑥 = 𝑋(𝑋′𝑋)−1𝑋′ - Hat Matrix - projector into 𝑠𝑝𝑎𝑛(𝑋)
• 𝑀𝑥 = 𝐼𝑛 − 𝑃𝑥 = 𝐼𝑛 − 𝑋(𝑋′𝑋)−1𝑋′ - Annihilator Matrix - projector into 𝑠𝑝𝑎𝑛⊥(𝑋)

Fitted Value: ̂𝑌 = 𝑃𝑥𝑌 Residual: 𝑒 = 𝑀𝑥𝑌

Model Fit : 𝑅2, 𝐹

R-squared

ESS = Explained Sum of Squares

TSS = Total Sum of Squares

RSS = Residual Sum of Squares

𝑅2 = 𝐸𝑆𝑆
𝑇 𝑆𝑆 =

∑𝑛
𝑖=1( ̂𝑌 − ̄𝑌 )2

∑𝑛
𝑖=1(𝑌 − ̄𝑌 )2 = 1 − 𝑅𝑆𝑆

𝑇 𝑆𝑆 = 1 −
∑𝑛

𝑖=1( ̂𝑌 − 𝑌 )2

∑𝑛
𝑖=1(𝑌 − ̄𝑌 )2

Adjusted 𝑅2

�̄�2 = 1 − 𝑛 − 1
𝑛 − 1(1 − 𝑅2)

Mean Squared Error (MSE) = 𝔼(𝑦 − 𝑋′
𝑖 ̂𝛽)

𝐴𝐼𝐶 = 𝑙𝑛(𝑒′𝑒
𝑛 ) + 2𝑘

𝑛

𝐵𝐼𝐶 = 𝑙𝑛(𝑒′𝑒
𝑛 ) + 𝑘𝑙𝑛(𝑛)

𝑛

F statistic.
F Stat = (𝑅 ̂𝛽 − 𝑟)′(𝑠2𝑅(𝑋′𝑋)−1𝑅′)−1(𝑅 ̂𝛽 − 𝑟)/𝑞

F Stat = (𝑇 𝑆𝑆 − 𝑅𝑆𝑆)/(𝑘 − 1)
𝑅𝑆𝑆/(𝑛 − 𝑘) = 𝑅2/(𝑘 − 1)

(1 − 𝑅2)/(𝑛 − 𝑘) ∼ 𝐹𝑘−1,𝑛−𝑘
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Wald Statistic.

𝑊𝑛 = 𝑛ℎ( ̂𝛽𝑛)′ (𝜕ℎ( ̂𝛽𝑛)
𝜕𝛽′

̂𝑉𝑛
𝜕ℎ( ̂𝛽𝑛)′

𝜕𝛽 ) 𝑛ℎ( ̂𝛽𝑛)

reject 𝐻0 if 𝑊𝑞 > 𝜒2
𝑞,1−𝛼 = 𝐹/𝑞

Bonferroni correction - multiple hypothesis correction, J hypotheses : 𝜏 = 𝛼/𝐽 Holms-Bonferroni :
𝛼/𝐽 … 𝛼/(𝐽 − 𝑛) each step

Instrumental Variables

Exogeneity violated when 𝐸(𝑋𝑖𝜖𝑖) ≠ 0. OLS estimates no longer consistent.

IV requirements:
• 𝐶𝑜𝑣(𝑍, 𝑋) ≠ 0 - Relevance
• 𝐶𝑜𝑣(𝑍, 𝜖) = 0; 𝑍⊥𝜖 - Exogeneity / Exclusion restriction
• Affects Y only through X
• 𝑑𝑖𝑚(𝑍𝑖) ≥ 𝑑𝑖𝑚(𝑋𝑖)

Terminology.
• First Stage : Regress X on Z
• Reduced form : Regress Y on Z

̂𝛽𝑖𝑣 = (𝑍′𝑋)−1𝑍′𝑌 = 𝐶𝑜𝑣(𝑍, 𝑌 )
𝐶𝑜𝑣(𝑍, 𝑋) =

̂𝛽𝑟𝑒𝑑𝑢𝑐𝑒𝑑𝑓𝑜𝑟𝑚
̂𝛽𝑓𝑖𝑟𝑠𝑡𝑠𝑡𝑎𝑔𝑒

𝕍( ̂𝛽𝑖𝑣) = 𝑄−1
𝑧𝑥 Ω𝑄−1

𝑥𝑧 ; Ω = 𝔼𝑧𝑖𝑧′
𝑖𝑢2

𝑖
If 𝑑𝑖𝑚(𝑍𝑖) > 𝑑𝑖𝑚(𝑋𝑖) (more instruments than endogenous regressors),

̂𝛽2𝑆𝐿𝑆 = (𝑋′𝑃𝑧𝑋)−1𝑋′𝑃𝑧𝑌 = (𝑋′𝑍(𝑍′𝑍)−1𝑍′𝑋)−1𝑋′𝑍(𝑍′𝑍)−1𝑍′𝑌
𝕍( ̂𝛽2𝑠𝑙𝑠) = (𝑄𝑥𝑧𝑄−1

𝑧𝑧 𝑄𝑧𝑥)−1𝑄𝑥𝑧𝑄−1
𝑧𝑧 Ω𝑄−1

𝑧𝑧 𝑄𝑧𝑥(𝑄𝑥𝑧𝑄−1
𝑧𝑧 𝑄𝑧𝑥)−1; Ω = 𝔼𝑧𝑖𝑧′

𝑖𝑢2
𝑖

GMM. If 𝑑𝑖𝑚(𝑍𝑖) > 𝑑𝑖𝑚(𝑋𝑖),
̂𝛽𝑔𝑚𝑚(𝑊) = (𝑋′𝑍𝑊𝑍′𝑋)−1𝑋′𝑍𝑊𝑍′𝑌

efficient GMM : 𝕍( ̂𝛽𝑔𝑚𝑚) = (𝑄′Ω−1𝑄)−1

Sargan’s Over-ID Test. 𝐻0 ∶ 𝐸(𝑍𝑖(𝑌𝑖 − 𝑋′
𝑖𝛽)) = 0

𝑆 = ∑((𝑌𝑖 − 𝑋′
𝑖 ̂𝛽𝑔𝑚𝑚)𝑍𝑖)′(∑ 𝑍𝑖𝑍′

𝑖)−1 ∑((𝑌𝑖 − 𝑋′
𝑖 ̂𝛽𝑔𝑚𝑚)𝑍𝑖) ∼ 𝜒2

𝑙−𝑘
Reject if 𝑆 > 𝜒2

𝑙−𝑘
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